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We investigate the effect of common bath decoherence on the qubits of Alice in the usual tele- 
portation protocol. The system bath interaction is studied under the central spin model, where 
the qubits are coupled to the bath spins through isotropic Heisenberg interaction. We have given 
a more generalized representation of the protocol in terms of density matrices and calculated the 
average fidelity of the teleported state for different Bell state measurements performed by Alice. 
The common bath interaction differentiates the outcome of various Bell state measurements made 
by Alice. There will be a high fidelity teleportation for a singlet measurement made by Alice when 
both the qubits of Alice interact either ferromagnetically or antiferromagnetically with bath. In 
contrast if one of the Alice's qubits interact ferromagnetically and the other anti-ferromagnetically 
then measurement of Bell states belonging to the triplet sector will give better fidelity. We have 
also evaluated the average fidelity when Alice prefers non-maximally entangled states as her basis 
for measurement. 



I. INTRODUCTION 

Quantum protocols are mostly designed in the ideal- 
istic situation of a decoherence free system. In practical 
implementation of these protocols the external environ- 
ment can play a significant role in reducing the fidelity 
of the expected outcomes. The various environmental in- 
teractions of the quantum system are dealt using either 
a harmonic oscillator bath or a spin bath At low 
enough temperatures where only a few energy modes of 
environmental constituents contribute to the dynamics, 
modeling the bath by a set of spins (finite dimensional) 
seems to be a more natural choice Q . On the other hand 
it was shown that spin environments always lead to non- 
Markovian decoherence of the quantum system, where 
the decoherence time scales and saturation value of qubit 
polarization will depend on the initial polarizations of the 
both the system and bath spins [3j, [j] . This dependence 
can have considerable effect on quantum protocols, we 
shall discuss one such situation later in this paper. 

In implementing quantum teleportation Bob gets 
the same unknown state after a proper unitary transfor- 
mation irrespective of the Bell state measurement made 
by Alice. The same may not be true in presence of envi- 
ronmental interaction both at the transmitting and the 
receiving station. Most of the recent work has been de- 
voted in studying the effect of local noises for both the 
Alice and Bob's qubit @,0|- It is important to note that 
Alice is in possession of two qubits where as Bob has only 
one. Hence the decoherence at the transmitting station 
can be quite different from that of the receiving station. 
If the qubits of Alice see different environments, there is 
nothing new to the dynamics as Bob gets the same de- 
cohered state irrespective of the Bell state shared with 
Alice. On the other hand if both the qubits of Alice see 
a common environment the situation will be quite differ- 
ent, as there will be bath mediated interaction between 
the two. This can lead to the bath induced entanglement 
between Alice's qubits. As the common environment for 
Alice's qubits seems to be a more natural choice to study 



the effects of decoherence on teleportation, the present 
study aim at explicating such effects through an exactly 
solvable model described below. The problem of com- 
mon bath decoherence becomes more relevant in cases 
where Alice and Bob share n qubit entangled state with 
n — k qubits at Alice possession and k with Bob [§] . The 
present work can be a starting point for all such general- 
ized studies 



A. The Model 

In this paper we shall consider the central spin model 
to study the effect of spin bath on the qubits used for tele- 
portation. This model can be more realistic in quantum 
dot systems where the dominant contribution to deco- 
herence comes from the nuclear spins interacting through 
the homogeneous Heisenberg interaction with the system 
spins. Recently it was shown how quantum dots can be 
used as a resource for teleportation 0, |T(| • The present 
study can also be relevant for other solid state systems 
using spins as qubits. 

The Hamiltonian describing the interaction between 
the qubits and the spin bath is given by 

H = K a S a ■ I £a + K A S A ■ T £A + K B S B ■ Tsb, (1) 

where S a ,SA, represents the spin operators of the two 
qubits at the transmitting site which are in possession of 
Alice and Sb the spin operator of Bob's qubit. The total 
spin of the environmental particles seen by each qubit is 
represented by Is = *^2 k Ig,k- The interaction strengths 
of the qubits with their respective baths are denoted by 
K a , Ka and Kb- Depending on the common set of en- 
vironmental spins seen by Alice's qubits, one has either 
a common spin bath or separate baths. The decoherence 
at Bob's site is trivial since Bob has only qubit, we set 
Kb = 0. The interest is on the transmitting side as there 
are two qubits. It is well known from the earlier studies 
that a common bath can induce entanglement between 
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two initially unentangled qubits [ill, [l2| . The common 
bath interaction between the qubits can lead to a natu- 
ral selection of two-qubit states which are less prone to 
decoherence [l2j]. Hence all these effects can show con- 
siderable effect on the fidelity of the transmitted state. 

In this work we shall restrict ourselves completely to 
the density matrix notation. Writing the qubit states 
explicitly in terms of the polarizations and correlations 
helps us understand the underlying physical structure in 
a straight forward manner. The most general represen- 
tation of a two-qubit Bell state is given by 



PAB = -^L 



(2) 



where S A and S B 



are the spin operators of the qubits 
A and B respectively. The correlation vector Dk = 
Tt(PabS a S b ). For the Bell states the corresponding 
correlation vectors are given by L>s = [—1,-1,— I], 
D To = [1,1,-1], D T+ = [1,-1,1], and D T _ = [-1,1,1]. 
The Bell states are represented in the z basis of the two 
qubits as \S ) - ^[| Tl - IT)], \T ) = ^[| Tl + IT)], 
\T+) = ^[| TT + II)] and |T_) = ^[| TT - II)]- It can 
be immediately seen that one of them belongs to the sin- 
glet sector and the other three to the triplet sector. When 
evolving through Hamiltonian dynamics each of them re- 
spond differently to the environmental interaction and to 
the applied fields. 



B. Decoherence free Teleportation 

Using the Bell-state representation given above the ini- 
tial state used in the teleportation protocol is given by 



PaAB 



Pa <8> PAB 
1 \- 



l+2P a - S a 



J + Aj2D k S k A S k B 

k 
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where P a — Trp a S a is the polarization vector of the un- 
known state which is to be teleported to Bob. Now Alice 
performs a Bell state measurement on her two qubits a 
and A, i.e., 



Tl a A[PaA ® 1b PaAB], 



(4) 



where p aA — j^ + J2k ^kS k S A is the Bell state of qubits 
a, A. The vector M has the information of the Bell 
measurement made by Alice. After performing the trace 
the state that Bob gets with 1/4 probability is given by 



PB 



I + 2P B - Si 



(5) 



The polarization of Bob's qubit is related to the polariza- 
tion of the unknown state through the correlation vectors 
D and M as 



pi 



DiMiPi 



(6) 



Now if the vectors D and M are equal, Bob needs to do 
nothing to this qubit. If (D x M) - n^O, then Bob has to 
do a rotation of his qubit along n direction. Performing 
the appropriate unitary transformation is equivalent to 
multiplying D.M, to P l B in EqE] Since Df = Mf = 1 
we immediately see that the final state that of Bob is the 
unknown state that Alice wishes to teleport i.e., p B = p a - 
Thus we have given a more general description of the 
teleportation scheme where Bob's operation has a physi- 
cal meaning in terms of the plane chosen by the correla- 
tion vectors of the AB and aA entangled states. We shall 
show later that the above representation helps in dealing 
with the time-evolution of the qubits in the presence of 
environment more easily. 



II. COMMON BATH DECOHERENCE FOR 
ALICE'S QUBITS 

In this section we shall study the effects of a common 
bath decoherence for Alice's qubits on fidelity of the tele- 
ported state. The Hamiltonian given in EqQ] reduces to 



H=(K a S a + K A S A )-I £ , 



(7) 



where Ig represents the total bath spin. Note that even- 
though there is no direct interaction between Alice's 
qubits, their interaction with the bath can result in an 
indirect coupling between the two. This will lead to the 
generation of entanglement between Alice's qubits prior 
to her measurement. 

We shall take the initial state of the bath as an inco- 
herent superposition of states labelled by the bath spin 
Is, with weights A/ £ , ps(0) = X] ^iePie (0)- I n this study 
all pi £ (0) will be taken to be unpolarized (multiple of 
identity). The weights A/ £ are however, free parameters. 

For implementing the teleportation protocol in the 
presence of decoherence we shall first rewrite the initial 
state of the Alice-Bob system given in Eq|3] as follows 



PaAB{0) = \l+\P a - S a + h 
o Z Z 



■S A + J2 ^mnS^S%(8) 



m,n— 1 



In writing the above we have absorbed Bob's spin S B 
into the polarization vectors. The components of the new 
polarization vectors = D t S B , and D mn = P™D n S%. 
Since the time-evolution is only for qubits a and A, the 
above form is valid. 

The state of the total system before Alice makes the 
Bell measurement is time-dependent, given by 



PaAB(t) = 



(<) = Tr £ (u H (t)paAB(0) <8> p £ U\j{t) 



(9) 



where Tr £ represents the summing over the bath degrees 
of freedom. Note that the initial state of the system- 
bath is uncorrelated. In the above equation the unitary 
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operator U B corresponding to the Hamiltonian in Eq. [7| 
is given by 



U H = a x (t) + a 2 (t)(S a - S A ) ■ I £ \ (1 - 

03 (t) + a 4 (t)S aA ■ h + a 5 (t)(S aA • h) 2 
+ a 6 (t){S a - S A ) ■ I £ + a 7 (t)(S a x S A ) ■ I £ 



S 



aA 

2 

(10) 



where S aA — S a + S A . The time-dependent coefficients 
a,i(t) have been derived earlier in [12J. After performing 
the trace over bath degrees of freedom we obtain the 
reduced density matrix of the Alice-Bob system, given 
by 



PaAB{t) = \i+ \Pa{t) ■ S a + lF A (t) ■ S A 
o Z 2 



3 

E ' 

m.n—l 



After Alice makes the Bell measurement on her qubits, 
the state that Bob gets with 1/4 probability is given by 



Y,M k B kk (t). 



(11) 



The time-dependent coefficient J} kk (t) is given by 

JJ**(t) = f{tpkk(0)+g(t)Tr[B(t)], 

= f{t)P k a D k S k B +g{t)Y,PaD m S^. (12) 

m 

Depending on the two bits of classical information given 
by Alice, Bob makes the appropriate unitary transforma- 
tion. The final state of Bob is then given by 



1 



p B (t) = -X + P B (t)-S B , 



(13) 



where P B = f{t)P l a 



g(t)MiTrMP*. If system bath 
interaction is zero i.e., K a = K A = then f(t) = 1, 
g(t) = 0, and we get perfect teleportation. In the pres- 
ence of the bath Bob's final state depends on M from 
which he can know about the measurement made by Al- 
ice. Note that there is no information of M in deco- 
herence free teleportation after Bob has made his final 
transformation. One can show that if the qubits of Alice 
see separate environments there will be no such depen- 
dence of Alice measurement. Hence common bath has 
introduced a new feature to the protocol where Bob's fi- 
nal state has the information of the Bell measurement 
made by Alice. 
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FIG. 1: (Color online) We have plotted average fidelity of tele- 
porting the unknown state given to Alice as function of time. 
We have considered two cases, when the Bell state shared by 
Alice and Bob belongs to the triplet sector and measurement 
made by Alice is in the singlet sector and the converse. One 
of the Alice's qubits interact ferromagnetically and the other 
anti-ferromagnetically. The interacting strengths are chosen 
such that A = — 1. Here So and To are the singlet and triplet 
S z = states. The bath is completely unpolarized consisting 
of N = 22 spins and K 2 = K\ + K\. 



teleported state to the unknown state, defined as 
1 



T(t) 



1 



Pa-P B {t) 
■f{t)\Pa\ 2 - 



g(t)TrMj2(PZ 

k 



k- \ 2 



M k 



(14) 



By performing an average over all pure states of qubit a 
we get the average fidelity, which is given by 



■<« - h 

1 " 

2 



2tt 



d0sm9F{t), 



l + f(t) + -g(t)(TrM) 2 



(15) 



Though the complete analytical forms for the the time- 
dependent coefficients f(t),g(t) can be derived exactly 
we do not give their expressions as they have a compli- 
cated form Instead we restrict to the leading or- 
der time-dependence of these coefficients in studying the 
short time behavior, and for long time behavior we give 
the appropriate numerical plots. 

The leading order time dependence of the coefficients 
f{t) and g(t) are given by 



A. Average Fidelity of Teleportation 

In this section we shall calculate the fidelity and av- 
erage fidelity of teleportation in the presence of decoher- 
ence. Fidelity gives the information of how close is the 



f(t) 

g(t) ■■ 



lj)K a K A t 2 . 



K a K A )}t 2 



(16) 



If K a = K A then f(t) + 3g(t) = 1. Hence for identical 
couplings as we shall later show that singlet measurement 
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of Alice's qubits always gives perfect teleportation of the 
unknown state. Now substituting these time-dependent 
coefficients in Eqll5[ we find 



T av {t) = l--{il)(Kl 



K\) [1 + A(l - (TrM) 2 /3^17) 



where the inhomogeneity parameter A = 2K A K a / [K\ + 
Kl) and (if) = J2i £ ^i £ I e{ I £ + !)■ Fot completely un- 
polarized baths i.e., p£ = ^-1, (/J) = 3iV/4, where N is 
number of bath spins. 

For Bell states TrM has only two values, —3, 1. If the 
state is singlet then TrM = — 3 and for the remaining 
Bell states it has the value one. The average fidelity has 
an initial Gaussian decay, T av {t) = exp(— i 2 /r 2 ), with 
two different decoherence time scales depending on the 
Bell state measurement made by Alice, given by 



= -(P £ )(K 2 a +K A )(l-A), 



So 



T n ,T.,T_ 



= -(li)(Ki+Ki)[l + 



(18) 



The Bell states So, To, T+, T_ are defined earlier in Sec- 
IA. When the couplings are identical i.e., K a = Ka, 
A = 1 and hence the singlet measurement on Alice's 
qubits does not harm the state teleported to Bob. On 
the other hand if the sign of A becomes negative i.e., if 
one of Alice's qubit is interacting ferromagnetically with 
the bath and the other antiferromagnetically, then sin- 
glet measurement would give a highly decohered state 
to Bob in comparison to the other Bell measurements. 
Thus the sign of the interaction with the bath can decide 
which particular measurement of Alice can give Bob a 
less decohered state. In Fig.l we have plotted average 
fidelity as a function of time for A = — 1. Contrast to 
the case of A = 1, where singlet measurements are pre- 
ferred to triplet measurements, A = — 1 prefers triplet 
measurement to singlet measurement. Thus depending 
on the nature of interaction of Alice's qubits with the 
bath, various measurements can be distinguished. 

It was shown earlier by Rao et aZ.[12|], that the singlet 
state in not the least decohered state for all A. One 
can find values of A, where non-maximally entangled 
states have larger decoherence time scale in comparison 
to the maximally entangled states. Hence the natural 
question would be to know whether measurement on the 
partial entangled basis by Alice can improve the average 
fidelity given in Eq[15j In the next section we shall take 
up the task of evaluating the average fidelity of telepor- 
tation when Alice measures her two-qubits in the non- 
maximally entangled basis. 



B. Measurement in partially entangled basis 

We shall consider the following one-parameter class of 
states as basis for Alice measurement, given by 



\H) = 



1 



vl + r 



=[|U-riT>], \T£) = 

fMTT + UH. \TL) = 



1 



VT 



VI + r 



M U + IT)], 

= [| TT -ril)}. 



The density matrix for the above basis has a general rep- 
resentation 

PaA = - + \p z a (r)S z a - \p z a (t)S a + J2 lWr)S™S^19) 

m— 1 

Note that the correlation matrix II is diagonal only for 
rel 

Similar to the analysis done in the earlier section, we 
find the average fidelity of the teleported state after the 
four measurements to be 



<r _ 1 (l + r) 2 + 2r 

" 2 + 6(1 + r 2 ) 

n 1 (l + r) 2 + 2r 

/,tW " 2 + 6(1 + r 2 ) 

Tl _ 1 (l + r) 2 + 2r 

^ [ ) ~ 2 + 6(1 + r 2 ) 



-A) 



1-3 II 



1--2 I 1 



A(l +r 2 ) 
(1 +r) 2 + 2r 

2Ar 
(1 +r) 2 +2r 



where 1/tq = l(/|)(iir 2 + K\). One can see that for 
r = 1, the form of above equations reduce to that ob- 
tained in the earlier section. Because of the fraction 
^7j^3y^ appearing in the above expressions the aver- 
age fidelity of teleportation in the case of partial en- 
tangled measurement is always less than the Bell-state 
measurement L, e ?aS(t) > Ta${t) and similarly for all 
other Bell-states. In contrast to the earlier case where 
all the three Bell-states belonging to the triplet sector 
gave the same average fidelity, we find that they get fur- 
ther distinguished with Tq giving one value of T av (t) and 
TT,T1 different. This difference is because of the trace 
of the correlation matrix being different for these states 
for r 7^ 1. 

Though partially entangled states have long decoher- 
ence time-scales in comparison to maximally entangled 
states in some range of A, teleportation always prefers 
Bell-basis measurement, if Alice and Bob initially share a 
maximally entangled state. The individual polarizations 
of qubits P a and Pa though non-zero, did not contribute 
to Tavit) because of the averaging performed on the sur- 
face of Bloch sphere. 



C. Effect of initial polarizations on the fidelity 

In the earlier section we have considered the bath to 
be completely unpolarized, i.e., there is no preferred di- 
rection from the bath and hence all the unknown states 
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FIG. 2: (Color online) Fidelity as a function of time. We have 
considered two different states which are to be teleported in 
the presence of a polarized bath. The initial state of the 
bath is P£ = £/^|i";-0<i"; 7 l. where A/ ~ I 2 exp(—2I 2 /N), 
and in the state |/; /} the first index corresponds to the spin 
value and the second value corresponds to the z component 
of the spin. The bath is composed of N = 22 spins and 
K 2 = K 2 + K 2 A . 

with a given purity can be teleported with equal fidelity. 
In contrast if the bath is polarized there will be a pre- 
ferred direction chosen by the bath because of which the 
fidelity of various state which Alice wishes to teleport 
can be different. A detailed analytical analysis for the 
polarized baths as done for the case of unpolarized baths 
is quite difficult. Instead, we have shown the effects of 
initial bath state on the short and long time behaviour 
of fidelity of different unknown states numerically. In 
Fig. 2 we have plotted T(t) for two different unknown 
states, when the bath is polarized along z direction. It 
can be seen from Fig. 2 that when the polarization of the 
unknown state is perpendicular to the polarization direc- 
tion of the bath, both the decoherence time scale and the 
saturation value of are large in comparison to the 
situation where the polarization of the unknown state is 
parallel to the bath direction. In one case the fidelity is 
always great that the limiting value 2/3, where as for the 
other case J-(t) becomes smaller than 2/3 in certain time 
regime but finally saturates close to the limiting value. 

It was shown earlier by many authors (see for example 
[3], (H) that the polarization of the bath helps reduce 



the qubit decoherence. In the case of quantum dots a 
bath polarization of 60% has been achieved experimen- 
tally [13j . It can be seen from Fig. 2, that in the presence 
of polarized baths teleportation of all unknown states 
cannot be done under the same footing. Instead, one has 
to narrow down to some specialised states (which may 
belong to certain regions of the Bloch sphere) thereby 
reducing the unknowness of the state being teleported. 
If a third party (an eavesdropper) has control over the 
bath polarizations, and by knowing that the state has 
been teleported faithfully to Bob he can approximately 
estimate the unknown state. This can be quite harmful 
for the secure communication which the quantum tele- 
portation promises. 

In conclusion we have studied the average fidelity for 
teleporting an unknown state to Bob, when Alice's qubits 
see a common environment. Because of the common in- 
teraction with the bath, the average fidelity varies with 
the Bell state measurement performed by Alice. Even af- 
ter Bob's operation, the state still has the information of 
Alice's measurement. This feature cannot be seen both 
in the decoherence free teleportation and teleportation 
through local noisy channels (separate baths). The sin- 
glet measurement always gives Bob the unknown state 
with high fidelity only when both the qubits of Alice in- 
teract either ferromagnetically or antiferromagnetically 
with bath. In contrast if one of the Alice's qubits interact 
ferromagnetically and the other anti-ferromagnetically 
then measurement of Bell states belonging to the triplet 
sector will give better fidelity. Instead of Bell measure- 
ment if Alice performs measurement on partially entan- 
gled basis, then the measurement further distinguishes 
the states, but the fidelity is smaller than obtained from 
Bell measurement. The common bath is responsible for 
an indirect interaction between the qubits of Alice. Even- 
though not shown here there will be a generation of en- 
tanglement (bath induced entanglement) between the ini- 
tially uncorrelated qubits of Alice, because of the effective 
exchange interaction between the qubits induced by the 
bath. 
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